Abstract. In this paper, we investigate the weak-type regularity of the Bergman projection. The two domains we focus on are the polydisc and the Hartogs triangle.
Introduction
Let Ω ⊆ C n be a bounded domain. Let L 2 (Ω) denote the space of square-integrable functions with respect to the Lebesgue measure dV on Ω. Let A 2 (Ω) denote the subspace of square-integrable holomorphic functions. The Bergman projection P is the orthogonal projection from L 2 (Ω) onto A 2 (Ω). Associated with P , there is a unique function K Ω on Ω × Ω such that for any f ∈ L 2 (Ω):
K Ω (z;w)f (w)dV (w).
(1.1)
Let P + denote the absolute Bergman projection defined by:
|K Ω (z;w)|f (w)dV (w).
(1.2)
Mapping properties of P have been an object of considerable interest for many years. By its definition, the Bergman projection is a L 2 bounded operator. It is natural to consider the regularity of P in other settings. Using known estimates for the Bergman kernel, L p regularity results have been obtained in various settings. See [Fef74, PS77, McN89, McN94a, NRSW88, McN94a, McN94b, MS94, CD06, EL08, BŞ12, Huo18] . In all these results, the domain needs to satisfy certain nice boundary conditions. On some other domains, the projection has only a finite range of mapping regularity. See for example [KP08, BŞ12, Zey13, CZ16, EM16, EM17, Che17] for recent progress along this line.
Among the results mentioned above, there are mainly two techniques adopted. One is to use the Schur's test (see for example [Zhu05] ), where boundedness can be deduced from analyzing the behavior of the absolute Bergman projection on a certain test function h. In many cases, one can choose h to be the distance function to the boundary of the domain Ω BDW's research is partially supported by National Science Foundation grants DMS # 1560955 and DMS # 1800057.
or the Bergman kernel on the diagonal. The second approach is to show that the (absolute) Bergman projection satisfies certain weak-type estimate. For example, if the projection is of weak-type (1, 1), then its L 2 regularity together with interpolation theorem implies the L p regularity for 1 < p ≤ 2. Since the Bergman projection is self-adjoint, L p regularity for 1 < p ≤ 2 yields L p regularity for 1 < p < ∞. While both techniques are powerful tools on obtaining L p regularity results, the Schur's test is unable to tell the weak-type regularity of the operator near the endpoint of its L p range. In this paper, we choose the polydisc and the Hartogs triangle as two classical examples and investigate the weak-type regularity of the Bergman projection on them.
The polydisc serves as a simple example where the Bergman kernel function is of a product form. It is well known that the weak-type behavior of the classical operators in the multiparameter setting could be very different from the one-parameter case. For instance, the 
Results (1) and (2) above are not surprising from a multi-parameter analysis perspective, and hence could be known to people. Since we couldn't find them in the literature, we decide to put them here. As a consequence of Result (4), the projection P is bounded from the Lorentz space L 4/3,1 (H) to L 4/3 (H). See Remark 4.4. Also, we provide refinements of Result (5). See Theorems 4.7 and 4.9.
The paper is organized as follows: In Section 2, we recall the definition of the Hartogs triangle and provide lemmas that will be used in the paper. In Section 3, we consider weaktype estimates for the Bergman projection on the bidsc and the polydisc. We give an example in the proof of Theorem 3.1 to show that the projection P is not of weak-type (1,1). We show in Theorem 3.7 that P on the polydisc D n is of weak-type L(log + L) n−1 . In Section 4, we state and prove weak-type results for the Bergman projection on the Hartogs triangle.
Preliminaries
Let D denote the unit disc in C. The Bergman kernel on D is given by,
(2.1)
Since the Bergman kernel on the product domain Ω 1 × Ω 2 equals the product of the kernel functions on Ω 1 and Ω 2 , the Bergman kernel on the polydisc D n is given by,
The Hartogs triangle H is defined by We also recall the weighted inequalities by Bekollé and Bonami in [BB78] for P and P (1) P :
is finite where: 
Definition 2.5. Set log
We say an operator T is of weak-type
For more details about the Orlicz space, see for example [RR91] .
Remark 2.6. It is worth noting that when ν is a finite measure and λ is chosen to be small, inequalities (2.7) and (2.8) trivially holds. Since all the domains involved in this paper are bounded and hence have finite Lebesgue measure, we only need to check (2.7) for large λ to prove the weak-type results.
Weak-type estimates for the Bergman projection on the polydisc
The results in this section are not surprising from a multi-parameter analysis perspective, and could be known to experts. Since we couldn't find them in the literature, we decide to put them here with their proofs. Proof. By (2.7), it suffices to show that there exists a parameter family of integrable functions {f s } on D 2 satisfying the inequality below:
where C s can be arbitrarily large. For 1 > s > 0, we set
On the other hand, it is easy to see that
By a change of the variable
, we have
When |w 2 | < 1, we have |i + w| ≈ 1 and
Combining these inequalities with the fact that 2|1 − sz 1 | < (1 − s)
Applying inequalities (3.5) and Lemma 2.1 to (3.3) and choose λ = 16
Since (− log(1 − s)) approaches ∞ as s tends to 1, (3.1) holds and the proof is complete.
Remark 3.2. Using the same example in the proof of Theorem 3.1, one can also show that Theorem 3.1 holds true for the polydisc case.
The positive result for the weak-type estimate of the Bergman projection is a consequence of the following two theorems from [DHZZ01] . 
Proof. Let P 1 and P 2 denote the Bergman projection in variable z 1 and z 2 respectively. Then the Bergman projection P on the bidisc D 2 equals P 1
By slightly modifying of the proof of Theorem 3.4, one also obtains the following theorem:
Proof. It suffices to show that the Bergman projection is bounded from the unit sphere of
and the theorem is proved. We turn to consider the case when
Then f (z) = f 1 (z) + f 2 (z). For a function g on D and a fixed t > 0, let g * (t) denote the distribution function: g * (t) := |{z ∈ D : g(z) > t}|. Since the Bergman projection is L 2 bounded by its definition and of weak-type (1,1) by Theorem 3.3, we have
Multiplying both sides of the inequality by (log t) k + k(log t) k−1 and integrating them from 1 to ∞ yields:
We claim that D |f (z)|(log
Assume the claim is true. Then applying this claim and the fact that
into (3.7) yields the estimate:
Note also that λ > 1. Therefore
Combining inequalities (3.8) and (3.9) yields the desired estimate:
. We turn to prove the claim. By Hölder's inequality, there holds: ).
Proof. For a constant p > 4 3
, let
Since the Hartogs triangle is a Reinhardt domain, it's easy to check using polar coordinates that 
Note that for
Setting p = 4/3 + λ −9/10 , then (p − 1)(3p − 4) −1 λ −1 still goes to 0 as λ tends to ∞. Hence (p − 1)(3p − 4) −1 λ −1 < 1 holds. On the other hand, (p − 4/3) −3 λ −8/3 = λ 1/30 , which is blowing up as λ tends to ∞. Therefore, the weak-type estimate
λ 4/3 fails and the Bergman projection on H is not of weak-type (4/3, 4/3).
Theorem 4.2. The Bergman projection on the Hartogs triangle is of weak-type (4, 4).

Proof. Let f be an arbitrary function in
Then there holds
We first consider the integral with |z 2 | ≤ , the Bergman kernel K D 2 satisfies:
. Then there exists a constant C such that,
Applying Hölder's inequality,
. By (4.11) and the L p boundedness of P + D , inequality (4.10) yields
Now we turn to the integral in (4.7) with |z 2 | > , there holds
λ 4 . Hence we also obtain the inequality
Applying (4.12) and (4.14) to (4.7) yields the desired weak-type (4,4) estimate.
Remark 4.3. It can be shown that if the Bergman projection P on a weighted space 
Then it is easy to see that the two operator norms P L −ǫ ). Note that P D 2 = P 2 • P 1 where P j is the projection in the variable z j . There holds via Fubini's theorem that
.
−ǫ ) then implies the boundedness of P on L 4 3 (H, |z 2 | −ǫ ), which completes the proof of the claim.
Note that for α < −1, the integral , the Bergman projection P on the Hartogs triangle satisfies the following weak-type estimate:
, Theorem 4.7 does not hold anymore. Below we provide an example to illustrate the failure of the estimate (4.21) when ǫ =
where E 1 is the exponential integral defined by
Note that ([AS64], p. 229, 5.1.20)
Therefore as p → (1 − p ′ ) → 0 and . On the other hand,
Therefore, when log 1 3p−4 1 λ is small, we have
(4.25)
Setting p = 4/3 + exp −λ 9/10 , then log as in the proof of Theorem 4.1 would imply that the projection P is not of weak-type L 4/3 (log + L) α for α < 1/3. For α = 1/3, the estimate holds for f p (z) =z 2 |z 2 | −p ′ which is served as a counterexample in the proof of Theorem 4.1. Hence we suspect that the Bergman projection is bounded from L 4/3 (log + L) 1/3 (H) to L 4/3,∞ (H). We hope to further investigate it in the future.
Remark 4.11. L p regularity of the Bergman projection has also been studied on various generalizations of the Hartogs triangle. See for instance [EM16, EM17, Che17] . It would be interesting to study the weak-type regularity of the Bergman projection in those settings.
